In this paper, we study the structure of the permutability graphs of subgroups, and the permutability graphs of non-normal subgroups of the following groups: the dihedral groups D n , the generalized quaternion groups Q n , the quasi-dihedral groups QD 2 n and the modular groups M p n . Further, we investigate the number of edges, degrees of the vertices, independence number, dominating number, clique number, chromatic number, weakly perfectness, Eulerianness, Hamiltonicity of these graphs.
Introduction
One can study the properties of an algebraic structure by associating a suitable graph with it and by using of the tools of graph theory. In recent years this has been a topic of interest among algebraic graph theorists and they have contributed significantly; in particular, when the algebraic structure is a group (see, for example [1] , [2] , [3] , [13] ). M. Bianchi, A. Gillio and L. Verardi in [4] , defined a graph corresponding to a group G, called the permutability graph of non-normal subgroups of G having all the proper non-normal subgroups of G as its vertices and two vertices H and K are adjacent if HK = HK; equivalently HK is a subgroup of G. We denote this graph by Γ N (G). They focused on finding the number of connected components and the diameter of this graph.
Further results on these graphs can be found in [5] , [7] .
In [10] , the authors considered the general setting as follows: For a group G, the permutability graph of subgroups of G, denoted by Γ(G), is a graph with vertex set consists of all the proper subgroups of G and two vertices in Γ(G) are adjacent if the two corresponding subgroups permute in G. There in we have studied the planarity of these graphs. Further properties of these graphs like bipartiteness, completeness and freeness of these graphs from some class of graphs were investigated in [11] .
The aim of this paper is to study the structure and properties of the permutability graphs of subgroups, and the permutability graphs of non-normal subgroups of finite non-abelian groups. Especially, we consider the dihedral groups D n , the generalized quaternion groups Q n , the quasi-dihedral groups QD 2 n and the modular groups M p n .
Even though the subgroup structure of these groups are well known, we particulary focus on how much information about the subgroup permutability of these groups can be expressed in terms of the graph theoretic properties of their corresponding permutability graphs.
The rest of this paper is arranged as follows: In Section 2, we introduce some basic definitions and notations that we will use in this article. In Section 3, for a given group G, we present some basic results which gives the relationship between Γ N (G) and Γ(G).
In Section 4, we consider the dihedral groups D n and study the structure and properties of Γ N (D n ) and Γ(D n ). In particular, we give the degrees of the vertices, number of edges, independence number, dominating number, chromatic number, clique number, weakly perfectness, Eulerianness of these two graphs. Also we investigate Hamiltonicity of Γ N (D n ) and Γ(D n ) for some values of n. In Sections 5, 6 and 7 we investigate the same for the generalized quaternion groups Q n , the quasi-dihedral groups QD 2 n and the modular groups M p n respectively. In the last section, we conclude with some problems of further research.
Preliminaries and Notations
For a simple graph G, we denote its vertex set and edge set by V (G) and E(G) respectively. A graph is complete if all the vertices are adjacent with each other. A complete graph on n vertices is denoted by K n . An independent set is a set of vertices in G of which no two are adjacent. An independent set is maximal if it is not a proper subset of any independent set of G. The independence number α(G) of G is the cardinality of a largest maximal independent set in G. A set D of vertices in G is a dominating set in G if every vertex in G is contained in or is adjacent to a vertex in D. The dominating number γ(G) of G is the cardinality of a smallest dominating set in G. A clique is a set of vertices in G such that any two are adjacent. The clique number ω(G) of G is the cardinality of a largest clique in G. The chromatic number χ(G) of G is the smallest number of colours needed to colour the vertices of G such that no two adjacent vertices gets the same colour.
A graph G is said to be weakly perfect if ω(G) = χ(G). The deg G (v) of a vertex v of a graph G is the number of edges incident with v. A graph G is said to be r-partite if the vertex of G can be partitioned into r sets such that no two vertices in each partition are adjacent. G is complete r-partite if every vertex in each partition is adjacent with all the vertices in the remaining partition.
A walk joining two vertices v 0 and v n in G is an alternating sequence of vertices and edges v 0 , e 1 , v 1 , e 2 , . . . ,v n−1 , e n , v n beginning and ending with vertices such that each edge e i is incident with v i−1 and v i . A walk is a path if all its vertices are distinct. We denote a path joining two vertices u and v in G simply, as
with the understanding that there is an edge joining v i−1 and v i , for each i, 1 ≤ i ≤ n. A walk is called closed if its initial and terminal vertices coincides. A closed walk in which all the vertices are distinct is a cycle. G is said to be connected if any distinct two vertices are joined by a path. A component of a graph G is a maximal connected subgraph of G.
A number of component of a graph G is denoted by c(G).
Let G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ) be two simple graphs. Their union G 1 ∪ G 2 is a graph with vertex set V 1 ∪ V 2 and edge set E 1 ∪ E 2 . Their join G 1 + G 2 is a graph consist of G 1 ∪ G 2 together with all the lines joining points of V 1 to points of V 2 . For any connected graph G, we write nG for the graph with n components each isomorphic to G.
A graph G is said to be Eulerian, if it contains a closed trail which contains every edge of G exactly once; equivalently, G is Eulerian if and only if every vertex in G has even degree. A graph is said to be Hamiltonian, if it contains a cycle having all the vertices of the graph. A split graph is a graph in which the vertices can be partitioned into a clique and an independent set. For basic graph theory terminology, we refer to [14] .
We recall the following theorem which will be use in the sequel. For any positive integer n, τ (n) denotes the number of divisors of n and σ(n) denotes the sum of all divisors of n. A positive integer n is said to be deficient if σ(n) < 2n. Note 2.1. In some of the results of this paper, we will use the following basic facts which can be found in any basic number theory book; for instance, see [9] : Let n = p
Moreover,
is even if and only if α i is odd for some i ∈ {1, 2, . . . , k}.
(ii) τ (n) is odd if and only if α i is even for every i ∈ {1, 2, . . . , k}.
(iii) If n is odd, then σ(n) is odd (even) if and only if τ (n) is odd (even).
Some basic results
Recall that a group in which all the subgroups are normal is known as a Dedekind group.
For the characterization of Dedekind groups the reader can refer to [12, Theorem 5.3.7, p.143] . For a given group G, we can define Γ N (G) only when G is other than a Dedekind group; and we can define Γ(G) only when G is other than the trivial group or a group of prime order. Also note that |V (Γ(G)| = |L(G)| − 2, where L(G) denotes the subgroup lattice of G.
Since any normal subgroup of a group permutes with every other subgroups, so we have the following result.
Theorem 3.1. Let G be a finite non-simple group with r proper normal subgroups. Then
K r , otherwise. 
Proof. We prove part (ii) and the remaining parts of the result are immediate consequence of the previous theorem. Note that the proper number of non-normal subgroups of G is |L(G)| − r − 2. So by Theorem 3.1,
which leads to the result by simplification.
Dihedral groups
The dihedral group of order 2n (n ≥ 3) is defined by
The subgroups of D n are listed below:
of order r, where r is a divisor of n;
(ii) cyclic groups H i , i = 1, 2 of index 2, when n is even. Thus
and so
The following details about the permutability of subgroups of D n were given by 
For a fixed divisor r of n, and i ∈ {1, 2, . . . , n r }, let x r i denotes the number of solutions of (4.3). The value of x r i is described explicitly in the following cases:
where g is the function defined by
, for all k ∈ N. Then g is a multiplicative function and
for any prime p and α ∈ N. If n = p
, where p i 's are distinct primes and α i ≥ 1, then by (4.6)
Case 2. Let n be even.
for every r = 2 u , where 0 ≤ u ≤ α − 1 and so
subcase 2b. If n = 2 α n ′ , with n ′ is odd, α ≥ 1, then for any divisor r of n with r = 2 β r ′ , where β ≤ α and r ′ |n ′ , i is given by (4.4) and so
In addition to these cases, for any integer n ≥ 3, it is easy to see that
and for each i ∈ {1, 2, . . . , n}
If n is even, then for each i = 1, 2
In the following result, we describe the degrees of the vertices of Γ N (G).
Theorem 4.1. Let n ≥ 3 be an integer. , where x r i is given by (4.8) 
Proof. One can observe that for each divisor r of n and i ∈ {1, 2, . . . , (i) If n is odd, then
Proof. (i): If n is odd, then by Theorem 4.1(i) and by using (4.5), (4.12), we have
(ii)-(iii): By Theorem 4.1(ii) and by using (4.12) and (4.14), we have
Now to complete the proof it remains to consider the following cases:
Case a. If n = 2 α , α ≥ 2, then (4.15) reduces to the result after simplification, by using (4.9) and σ(n) = 2 α+1 − 1.
Case b. If n = 2 α n ′ , with n ′ is odd and α ≥ 1, then (4.15) reduces to the result after simplification, by using (4.11).
In the following result, we determine the values of n for which Γ N (D n ) is Eulerian.
Corollary 4.2. Let n ≥ 3 be an integer.
is Eulerian if and only if α i is odd for some i ∈ {1, 2, . . . , k}. only when τ (n) is even; this is true only when α i is odd, for some i ∈ {1, 2, . . . , k}.
(ii): By Theorem 4. 
is not a complete partite graph for any n.
Proof. Partiteness of Γ N (D n ) follows from the above discussions. Now we prove the last part of the theorem. Let n = p 
contains an edge. subcase 2. n is even. Then H 
where p is the smallest prime factor of n.
if n is odd;
Proof. 
| r is a divisor of n with n r is even, r = n,
is odd and r = n} forms a clique set in Γ N (D n ).
In this case, ω(Γ
Weakly perfectness of Γ N (D n ) follows by the above two cases.
an maximal independent set. Among these maximal independent sets, A d is a maximal independent set in Γ N (D n ) with minimum cardinality, where d is the largest divisor of n. It is well known that in a graph any maximal independent set is a dominating set.
Consequently, A d is an independent dominating set of Γ N (D n ) with minimum cardinality, where d is the largest divisor of n.
k is even, where p i 's are distinct primes and α, α i ≥ 1, then
k is the largest divisor of n and so Let n = p
In the next result, we give the structure of Γ N (D n ) for some values of n.
Theorem 4.5. Let n ≥ 3 be an integer.
where for each i = 1, 2, . . . , p, j = 1, 2, . . . , q, G ij is the complete graph with vertex
(4.20)
and H 
Here no vertex of G 1 is adjacent with any vertex of G 2 . Thus Γ N (D n ) is the disjoint union of G 1 and G 2 .
(ii): If α = 1, then H 
Proof. If n is one of the following: 
Properties of Γ(D n )
Now we start to investigate the structure and properties of Γ(D n ).
Proof. Since the number of normal subgroups of D n is τ (n) + 1 if n is even; τ (n) − 1 if n is odd, so the proof follows by Theorems 3.1 and 4.2.
Corollary 4.4. Let n ≥ 3 be an integer.
for every divisor r of n, r = 1. 
Corollary 4.5. Let n ≥ 3 be an integer and g denotes the arithmetic function given by (4.7). (i) If n is odd, then
Proof. Follows by Corollaries 4.1, 3.1(ii), (4.1) and from the fact that the number of normal subgroups of D n is τ (n) + 1 if n is even; τ (n) − 1 if n is odd.
Corollary 4.6. Let n ≥ 3 be an integer.
is Eulerian if and only if α is odd. 
In In the following result, we describe the structure of Γ(D n ) for some values of n.
Corollary 4.8. Let n ≥ 3 be an integer.
is given by (4.18).
(iv) If n = pq, where p, q are distinct primes,
where
Proof. Follows from Theorems 4.8 and 4.5. Proof. For each r = 1, 2, . . . , m, let P r be a Hamiltonian path in G r and let P : 
(ii): We give the proof in the following cases: 
Quaternion groups
For any integer n > 1, the quaternion group of order 4n, is defined by
The subgroups of Q n are listed below: , i = 1, 2 of index 2, when n is even.
Thus
It is well known that Z(Q n ) ∼ = a n is the unique minimal subgroup of Q n and
For each positive divisors r, s of n and i ∈ {1, 2 . . . , n r }, j ∈ {1, 2 . . . , n s }, consider the subgroups H i,r and H j,s , of Q n . H i,r and H j,s permutes if and only if
where x = a a n , y = b a n , i = q 1 r + i ′ , j = q 2 s + j ′ , 0 ≤ i ′ < r and 0 ≤ j ′ < s for some
Thus H i,r and H j,s permutes if and only if H In view of these together with the necessary and sufficient condition for the permutability of dihedral subgroups discussed in Section 4, we have the following:
H i,r permutes with H j,s if and only if
Let r be a fixed positive divisor of n and i ∈ {1, 2, . . . ,
where 0 ≤ i ′ < r, q ′ ∈ Z. Then it is easy to see that x r i ′ , the number of solution of (5.2) is equal to x r i , the number of solution of (4.3). In view of these facts, we have the following result.
Proof. Since the number of normal subgroups of Q n is τ (2n) + 1 if n is even; τ (2n) − 1 if n is odd, so the proof follows by Theorems 3.1, 5.1 and 4.2.
Corollary 5.1. Let n > 1 be an integer.
(ii) deg Γ(Qn) (H i,r ) = τ (2n) + x i r − 3, for every divisor r of n, r = n, i ∈ {1, 2, . . . , (i) If n is odd, then
Proof. Follows by Theorem 5.1, Corollary 4.1, (5.1) and from the fact that the number of normal subgroups of Q n is τ (2n) + 1 if n is even; τ (2n) − 1 if n is odd.
Now we characterize the values of n for which Γ(Q n ) is Eulerian.
Corollary 5.3. Let n > 1 be an integer.
is Eulerian if and only if α is even. 
In particular, Γ(Q n ) is weakly perfect. In the next result, we describe the structure of Γ(Q n ) for some values of n.
Theorem 5.3. Let n > 1 be an integer.
where Γ N (D n ) is given by (4.16).
(
given by (4.18).
(iv) If n = pq, where p, q are primes,
Proof. If n = 2, then Q n is dedekind with 4 proper subgroups and so Γ(Q n ) ∼ = K 4 . The proofs of the remaining cases follows by Theorems 5.1, 5.2 and 4.5.
Theorem 5.5. If α ≥ 2, we take
(ii): We deal with the following cases: If p ≥ 3 and q ≥ 7, we take
6 Quasi-dihedral groups
For any positive integer α > 3, the quasi-dihedral group of order 2 α , is defined by
The proper subgroups of QD 2 α are listed below:
, where r is a divisor of 2 α−1 , r = 1;
(ii) the dihedral group H
, where r is a divisor of 2 α−2 , r = 2 α−2 , i = 1, 2, . . . , 
6.1 Properties of Γ N (QD 2 α )
First we describe the structure of Γ N (QD 2 α ).
Theorem 6.1. Let α > 3 be an integer. Then
Proof. The only non-normal subgroups of QD 2 α other than a are the dihedral subgroups of H , but are not normal in QD 2 α .
Also H 2,2 α−4 , H 4,2 α−4 are normal subgroups of H 2,2 α−3 , but are not normal in QD 2 α . In view of these, it is easy to see that
and by Theorem 5.1,
Hence the proof.
Next, we give the degrees of the vertices of Γ N (QD 2 α ).
Theorem 6.2. Let α > 3 be an integer.
, where x r i is given by (4.8).
Proof. For every divisor r of 2 α−2 , r = 2 α−2 , 2 α−3 , i = 1, 2, . . . , 
Proof. By Theorem 6.1,
Now by applying Corollary 4.1 and (4.2), in (6.3), the result follows. (ii) ω(Γ N (QD 2 α )) = 2(α − 2).
(iii) χ(Γ N (QD 2 α )) = 2(α − 2).
(iv) Γ N (QD 2 α ) is weakly perfect. Proof. Follows by Corollary 3.1, Theorem 6.2 and (6.1) and from the fact that H (ii) ω(Γ(QD 2 α )) = 3(α − 1).
(iii) χ(Γ(QD 2 α )) = 3(α − 1).
(iv) Γ(QD 2 α ) is weakly perfect. Combining all these facts together, we have the following result.
Theorem 7.1. Let α > 3 be an integer.
K (α−1)(p+1) , otherwise.
Since Γ N (M p α ) and Γ(M p α ) are complete graphs if p α = 8, so one can easily obtain the other properties of these graphs.
Conclusions
In this paper, we have studied the structure and some properties of permutability graphs of subgroups and permutability graph of non-normal subgroups of the groups D n , Q n , QD 2 α and M p α . In particular, we showed that the structure of Γ(D n ), Γ N (Q n ), Γ(Q n ), Γ N (QD 2 α ) and Γ(QD 2 α ) depends on the structure of Γ N (D n ). In this sequel, in Theorems 6.1 and 6.3, we explicitly described structure of Γ N (QD 2 α ) and Γ(QD 
